Abstract-The stability of the output power of a semiconductor laser with phase-conjugate feedback (PCF) is studied by the numerical simulations based on the rate equations. We investigated the critical reflectivity at which the stable fixed output power evolves into periodic oscillation. As a result, we found that the critical reflectivity shows a periodic structure against the external cavity length and the stability is much enhanced at the periodic peak positions. The stability and dynamic behaviors of a semiconductor laser with PCF are compared with those for conventional optical feedback. It is also found that the periods of the nearby peaks correspond to the frequency of the laser relaxation oscillation frequency and the stable peaks for the PCF are located at external lengths completely out of phase from those for the conventional feedback. The linear stability analysis by using the rate equations is performed and the theoretical background for the stability is also given.
I. INTRODUCTION
A SEMICONDUCTOR laser with external optical feedback provides one of the best physical systems for studying nonlinear dynamic phenomena in optics. A rich variety of the dynamics has been observed and discussed in the nonlinear systems, including periodic and quasi-periodic oscillations, and chaos [1] - [4] . The study of nonlinear dynamics in semiconductor lasers is also of great importance for the applications to optical communications and optical data recording systems. In a semiconductor laser with optical feedback, there exists a configuration of the feedback which minimizes chaos fluctuations. Sometimes, the chaos in a semiconductor laser is actively controlled and stabilized into a stable oscillation by varying the system parameters, for example, by applying a high-frequency injection modulation with appropriate frequency and amplitude [5] , [6] . The stabilization of the laser output power in such a nonlinear system is of great concern in many applications.
The dynamic behaviors of a semiconductor laser with optical feedback from a conventional mirror have been extensively investigated. According to the distinguished behaviors of the laser output, the dynamics of the laser output power can be characterized into five regimes I-V for the increase of the feedback reflectivity [2] . For very small feedback regime I, the laser linewidth is increased or decreased depending on the phase of the returned light into the laser cavity. For the increase of feedback level, the laser shows mode hopping among several external cavity modes in regime II. Chaos can be observed at moderate level of the feedback amplitude reflectivity around 1% which corresponds to regimes III and IV. Further increase of the feedback level, coherence collapse, occurs in the laser output power, where the linewidth is drastically broadened and the coherence length of the laser is much reduced. At a very high feedback level, regime V corresponds to stable laser operation.
Recently, a phase-conjugate mirror with a light source of a semiconductor laser has been widely used in many applications such as optical information processing. Consequently, the properties of a semiconductor laser with phase-conjugate feedback (PCF) have attracted much attention [7] - [10] . The typical feature of the PCF is that the phase delay in the feedback terms in the rate equations is eliminated due to the phase-conjugate reflection of light [8] . The similar dynamic properties with those for the conventional optical feedback are observed for the PCF, but the dynamics of the laser output power in the PCF is somewhat different. The dynamic behaviors and route to chaos in the PCF have been treated in [7] - [10] and Agrawal and Gray [7] have referred to the stability in the system. However, the study of the dynamic behaviors of the PCF is still insufficient in spite of the importance in the applications of phase conjugate optics. Especially, a little study of the stability analysis has been performed for the PCF. Although chaos is expected in regimes III and IV for the two types of optical feedback, i.e., conventional optical feedback and PCF, the dynamic behaviors are not so simple and strongly depend on the parameter values in the systems. In particular, the dynamics of a semiconductor laser with optical feedback are characterized by the bias injection current, the length of the external cavity, and the external reflectivity.
In this paper, we investigated the dynamic properties and the stability condition of the output power of a semiconductor laser with PCF. We here refer to the stable state as a state of fixed or constant laser output power. From the simulations by using the rate equations, we found that the stability is periodically enhanced for the variations of the external cavity length. The period of the stability for the external cavity length is exactly equal to the relaxation oscillation length of the semiconductor laser. The similar phenomenon has already been derived in the configuration with conventional optical feedback. But the difference is that the stable peaks in the PCF are located at 0018-9197/97$10.00 © 1997 IEEE external lengths completely out of phase from those of the conventional reflector feedback. We explicitly displayed the stability feature by a phase diagram of bifurcation boundaries. The linear stability analysis is conducted and the theoretical background of the stability dependence on the external cavity length is given. The tendency for the unstable output power in the PCF is also explained based on the stability analysis. The results are compared with those for the conventional optical feedback.
II. THEORETICAL MODEL
At first, we briefly describe the physical model of a semiconductor laser with PCF. To compare the results with those for the conventional optical feedback (CFB), we also refer to the CFB model. Fig. 1 shows the model of the optical feedback. The output power emitted from a semiconductor laser is returned from an external reflector (phase-conjugate mirror or conventional mirror) located at a distance and the returned light is mixed with the original field of the laser oscillation. The internal laser cavity and the external reflector form a compound cavity. For weak to moderate external feedback, the laser is assumed to be operated with a single mode and it is sufficient to consider only a single round-trip effect of light. The dynamics of a single-mode semiconductor laser with weak or moderate feedback for the both models can be modeled by the same rate equations for the amplitude and phase of the electric field and the average carrier density in the active region and are given by [10] , [11] (1)
with for CFB (4) or for PCF (5) Here, is the modal gain coefficient, is the carrier density is the linewidth enhancement factor, and is the injection current density. Also, is the photon lifetime, is the carrier lifetime, is the external cavity round-trip time ( being the speed of light in vacuum), is the optical round trip-time within the laser cavity ( and being the refractive index and cavity length of the laser medium, respectively), is the angular frequency of the solitary laser, and is the constant phase change due to the phase-conjugate reflector. The important feedback parameter is written by (6) where is the amplitude reflectivity of the laser cavity (the same reflectivity for both the front and rear facets of the laser is assumed) and is the amplitude reflectivity of the external reflector. The carrier density at the laser threshold is defined as . The last terms in (1) and (2) are the effects of the external feedback. In actuality, we may consider the finite time response for the phase-conjugate mirror in the phase-conjugate model, but we here assume that the phaseconjugate mirror has a fast response and the effect due to the response time is negligible small. The various parameter values of an AlGaAs CSP semiconductor laser with 780-nm wavelength used for the numerical simulations are listed in Table I .
In actuality, the Langevin noise terms must be taken into account in the rate equations to fully understand the transient and dynamic behaviors of the semiconductor laser. But the Langevin noises are not included in the present simulations in order to separate deterministic chaos from stochastic noise. Also the term for spontaneous emission is neglected in (1) as a small effect for the numerical solutions. Strictly speaking, these noise terms should be involved to compare the actual experiments with the theoretical results. But our aim here is to study the pure dynamics and stability dependence of the output power on the feedback parameters in the external feedback loop. More or less, the same phenomena as the idealized behaviors derived from the present simulations are expected to be observed in the actual experimental situation. We also ignore the nonlinear saturation effect in the gain coefficient as a small perturbation in our case. 
III. SIMULATION RESULTS
Choosing the external mirror reflectivity , the external cavity length , and the bias injection current as parameters, and changing their values, (1)- (3) are numerically solved by the fourth-order Runge-Kutta algorithm. Fig. 2 shows some examples of the bifurcation diagrams of the output power against the amplitude reflectivity of the external reflector for the conventional feedback model. The external cavity lengths are 6.00, 9.00, and 12.00 cm from Fig.  2(a)-(c) , respectively. The bias injection current is fixed as ( is the threshold injection current). Within the reflectivity variations of 0%-2.5%, the output power changes from fixed and periodic states to chaotic states and behaves like a period-doubling route to chaos, but the dynamic behaviors are strongly dependent on the external cavity length. For example, we can see typical period-doubling bifurcation to chaos for 9.00 cm, but the bifurcations are not distinct for other cases. It is also noted that the wide range of the fixed stable state of the output power is obtained for the external length at 6.00 cm. The range of the fixed stable state of the output power seems to be dependent on the external cavity length. The bifurcations are also shown for the PCF model as shown in Fig. 3 . The external cavity lengths are also chosen as 6.00, 9.00, and 12.00 cm from Fig. 3(a)-(c) , respectively, and the bias injection current is also fixed as . Similar bifurcations are observed for the PCF, but, generally speaking, the bifurcation structure is not distinct compared with that of the conventional feedback and the output power is rather unstable. Each state in the bifurcations in the conventional feedback is examined for the bias injection current of . Fig. 4 shows the phase diagram and the curves in the figure are the boundaries of each state. The vertical axis is the reflectivity of the external reflector and the horizontal axis is the external cavity length. We can see the notable periodic structure for the fixed state. In this figure, the output power at a certain external cavity length evolves from stable fixed state to periodic one and finally into chaotic state through something like ordinary periodic bifurcation route as the increase of the external reflectivity, though the bifurcation structures for the reflectivity change are different at each external cavity length. Fig. 5 shows the phase diagram for the PCF. The parameter values are compatible with those of Fig. 4 . The periodic structure of the fixed area can be also seen in this case. From the comparison between Figs. 4 and 5, it is said that the stable and periodic states areas are much reduced in the PCF and the output power in the PCF is rather unstable than that in the conventional feedback. Another difference is the peak locations of the fixed stable area, namely, the peak positions in the PCF are completely out of phase compared with those of the conventional feedback. This issue will be studied from the theoretical point of view in the following section. It is also noted here that the stability peaks decreases as the increase of the external cavity length, which has already been discussed in [7] .
To look at the periodic structures of the fixed states in the phase diagrams for both models, we again plot the boundary between the fixed and period-2 states in Fig. 6 . In Fig. 6(a) , the solid curve shows the boundary for the conventional feedback at , while the dotted curve is for the PCF. Clearly, the critical reflectivities for the stability show periodic structures for the variations of the external cavity length and the stable states are notably enhanced at the peak positions of the periodic structure. The separation between the nearby peaks of the PCF is the same as that of the conventional feedback, but the peak positions in the PCF are completely out of phase compared with those of the conventional feedback. The calculated periods of the lengths are 6.00 cm which corresponds to 2.50 GHz in frequency. Another example of the critical reflectivities for the stability are shown in Fig. 6(b) at the threshold injection current of . We can also see the similar periodic structures and enhancements of the stability for the variations of the external length. But the periods between the nearby peaks are less than those of Fig. 6(a) and are calculated to be 4.64 cm, which corresponds to 3.23 GHz in frequency. We also calculated the critical reflectivity for various values of the bias injection current for the two models. As a result, we found that the period of the stability decreases as the increase of the bias injection current, namely the corresponding frequency increases as the increase of the bias injection current. The scale of the external length or frequency of the period between the enhanced peaks is almost the same order as that of the relaxation oscillation of the semiconductor laser. The frequency of the relaxation oscillation is theoretically derived from the small-signal analysis for the steady-state solutions from (1)- (3) [12] . In actuality, the relaxation oscillation frequency is a function of the feedback length and reflectivity in the external cavity. But, for weak or moderate feedback regime, the effect of the feedback is negligibly small and the relaxation oscillation frequency is approximated by that of the solitary laser as follows [11] : (7) The photon density (namely the output power) which is directly proportional to the squared modulus of the field amplitude is related to the bias injection current as ( being the conversion efficiency from the injection current to the laser output power). Therefore, the relaxation oscillation frequency is proportional to the square root of the bias injection current. Fig. 7 shows the relation between the obtained frequency for the stability enhancement and the square root of the injection current. Black circles are the numerically calculated data from such as the periods of the enhanced peaks in Fig.  6 . The solid line is the theoretical result derived from (7). A good linear relation between the frequency and the square root of the injection current is obtained and the numerically calculated frequency is well coincident with the theoretically expected relaxation oscillation frequency. Thus, we can conclude that the length between the enhanced stable peaks in Fig. 6 is related to the relaxation oscillation of the semiconductor laser. As usual, the relaxation oscillation is driven by a stochastic noise from spontaneous emission of light in the cavity in a solitary laser. But, even without noise, relaxation oscillation is induced in the output power by the external disturbances such as external optical feedback as considered here. As a result, the relaxation oscillation can be much enhanced by the feedback light with appropriate level.
IV. STABILITY ANALYSIS
In this section, we perform a linear stability analysis for the rate equations to study the periodic stability enhancement related to the relaxation oscillation frequency for the both models. The linear stability analysis for the conventional feedback has already been given by Tromborg et al. [1] . At first, we briefly summarize some results for the conventional feedback. From the rate equations, we obtain the equations for the steady-state solutions. By applying the small linear stability analysis with the steady-state values, the characteristic equation is derived. For the case that the solution of with , the condition for the stability is given by (8) with and , where and are the steady-state solution for the amplitude and the relaxation oscillation angular frequency of the laser diode, respectively. At the relaxation oscillation frequency , periodic solutions for the time delay (equivalently periodic solutions for the external cavity length as being an integer number) have been obtained as the stable condition from the above equation. The external cavity lengths at which the stable solutions are obtained are exactly coincident with those of the simulation results in Fig. 6 .
For the PCF, the steady-state solutions are written by different forms from the conventional feedback as , and , where is a constant phase factor. The condition of the constant phase is derived from the nature of the PCF, i.e., the phase locking [7] . From the rate equations, we obtain the following equations for the steadystate solutions for the PCF (9) (10) (11) where the constant phase shift at the phase-conjugate mirror is set to zero with the loss of generality. While there exists a lot of solutions for the phase in the conventional feedback case, (9) has only a single solution given by (12) which depends on the linewidth enhancement factor. To analyze the stability for a small perturbation from the stationary state, we assume that the three variables oscillate around their stationary states. Then, the characteristic equation is given by (13) with and . For a high relaxation oscillation frequency (or equivalently a small feedback) and , the condition for the stability for the PCF is calculated from the same manner as the case of the conventional feedback and is given by (14) In (14), the difference between the squared angular frequencies is proportional to , whereas it is proportional to in (8) . For , the same periodic solutions for the time delay as that in (8) are also obtained as the stable condition, but the stability peaks are out of phase compared with those of the conventional feedback, which is consistent with the simulation results in Fig. 6. Fig. 8 shows the plot of the angular frequency versus delay time Finally, to investigate the tendency for the unstable output power in the PCF compared with that in the conventional feedback, we find the solutions for the characteristic equation at the relaxation oscillation frequency based on the stability analysis. Putting , one obtains the equations for and . Fig. 9 (a) and (b) show the distributions of the solutions for the conventional optical feedback calculated from the real and imaginary parts of the characteristic equation, respectively. The overlapped solutions between the real and imaginary parts in Fig. 9 (a) and (b) are the exact solutions for the stable states. As is seen from Fig. 9 , there exists a lot of possible solutions for the fixed state in the case of the conventional optical feedback. We also consider the stability for the PCF. Fig. 10(a) and (b) show the distributions of solutions for the PCF calculated from the real and imaginary parts of the characteristic equation, respectively. Exact solutions for the stable oscillation are rare in the case of the PCF. This fact verifies that the output intensity of the PCF is not stable compared with that of the conventional optical feedback, which is also consistent with the simulation results.
V. CONCLUSION
The dynamic properties and stability of the laser output power in a semiconductor laser with phase-conjugate optical feedback have been studied by numerically solving the rate equations and the results have been compared with those for conventional optical feedback. The critical reflectivity at which the output power changes from a stable fixed state to a periodic one has been investigated for the external cavity length. The periodic changes of the critical reflectivity for the variations of the external cavity length have been found and the periods have been proved to be equal to the relaxation oscillation length of the semiconductor laser. The notable enhancement of the stability has been observed at the peak positions. It is found that the stable peaks in the PCF are located at external lengths completely out of phase from those of the conventional reflector feedback. The theoretical background of these stability enhancements has been given by the linear stability analysis and the period of the stability has been related to the relaxation oscillation frequency of the laser diode. It has been also verified from the linear stability analysis that the laser output power of the PCF is unstable compared with that of the conventional feedback. For further study, the theoretical results obtained should be compared with the experimental results.
